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CRITTCAL SEEFAR STRESS OF CURVED RECTANGUILAR PANELS

By -S. B..Batdorf, Manuel Steln, and Murry Schildorout
SUMMARY .

A solutlon based upon small-deflection theory is presented
for the critical shear stress of curved rectengular panels with
simply supported edges. Computed curves which cover a wide range
of panel dimensions are presented; these curves are found to be
In good agreement with test results, Estimated curves are also
glven for panels with clamped edges. B o

INTRODUCTION

A series of pepers has been preparsd to provide information
on the buckling of curved sheet. The yroblem trested in the
present paper, which is a part of that series, is the determinetion
of the oritical shesr stress of & cylindrically curved rectangular
ranel. For panels having simply supported edges this problem is
solved theorstically (see mppendix), and computed curves are provided
for finding the oritical shear stress. Estimated results are also
given for curved rectangular pénels having clamped edges.

RESULTS AND DISCUSSION

The critlcal shesar gtress T
is given by the equation

or _

for cylindrically curved panels

+ =} XD
e b2t
wheré
X critical-sheer-stress coefficient, established by gecmetry of

s
panel and type of edge support
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D flexural stiffness of panel per unit length Et3
' 12(1 - =)
E Youngt!s modulus of elasticity
u Polsson’s ratio |
b axial or circumferential dimension of fanel, whichever is

smaller {except where noted)
t thickness of panel

Two charts are presented, one for panels having curved sldes
Jonger then the straight sides end the other for pauels having
stralght sides longer than tke curved sides. In each of these
charts the critical-shear-stress coelflolent kg 1s plotted

against a ourvature paremeter Z defined by the eguation

Z=-br—§\/l—u2

or
2 PO,
7 = (B 2
SOEYar
whore
r radivs of curvature of panel

Panels with simply supported edges.— The critical-shear—stress
coefficients kg for ourved panels with simply supported edges are
glven in flgures 1 end 2, In figure 1, the criltical-shear-stress
coefficlents are given for panels long in the clircumferential
direction; b 18 measured axlially with the result that the values
of ky and Z are defined in the manner approprilate to a cylinder.

In figure 2, the critical-shear-stress coefficlents are given for
panals long in the axlal direction; b is measured clroumferentlally
80 that the values of k¥ end Z are defined in the manner appropri-~
ate to an infinitely long curved strip. The solid curves in eash
figure are oomputed, and the dashed curve in flgure 2 ls estimated

hy a meEhod desoribed in the section entitled "Estimation of Critical
Stress.
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With regerd to displagemsnts in the median surface during
buckling, the boundary conditions for which the curves of figures 1
end 2 apply are zero displacement along each edge and unrestrained
motion normal to each edge. The avallable evidence indicates that
if both nommsl and tangentlal motion were complstely restrained,
the curves of figure 1 would be relsed only slightly, but the curves
of figure 2 might be raised considersbly at intermedlate values of Z
for large values of panel length-width ratio a/b. {See section on
critical shear stress of curved panel in reference l.)

In figure 1 all the buckling curves Ffor panels of fixed length—
width ratio approach the curves for a complete cylinder at high
values of Z. The same trend exlsts when the axial length ls greater
than the circumferentlal length, as the curves of figure 2 suggest
by approaching the slope 0.75 appropriate to cylinder curves at high
values of Z. This result can be. explained by the fect that
geometrically a curved panel of any glven length-width ratio apyroaches
a cyllinder as the curvature lncresses. Panels having & large ratio
of circumferential lsngth to axial length approach a cylinder at
lower values of Z (defined as in fig. 1) than panels having & small
ratio of circumferential length to axial length,

Estimation of critical stress.- A comparison of the computed
results for the oritical stress coefficlents of simply supported
curved panels (figs. 1 and 2) with results for certain known limiting
cages indicates the possibllity of making reasonabls estimates for
panels of other length—width ratios and edge—support oonditions, The
known limiting cases used in this comparison are the critical stress

coefficients for the flat panel (Z = 0), the complete cylinder, and
" the infinitely long curved strip. (See fig. 3.) Figure 4 shows the
comparison for panels long in the clroumferentisl direction. In order
to permit the comparison, the curve for the sitrip was plotted by using
the same parameters as were used in the other curves; that is, kg ead
Z were defined in terms of the axlal rather than the circumferentiasl
dimension of the panel (dimension bl in fig. 3)e Figure 5 shows
the comparison for panels long in the axlal direction. The cylinder
curve ls replotted in terms of dimension ‘b2 in figure 3 so that

the sames parameters are used as were used for the other curves.

In each of figures 4 and 5 the first three panel buckling curves
were computed end the fourth curve was estimeted, Thess estimated T
curves were obtalnsed by uvsing the kmown limiting resulits as guildes
and by extrapolating the trends observed in the cases from which
computed results were availlable.

Panels with clemped edges.— Figures 6 apd 7 give estimated
theoretical critical-shear-stress coefficients for curved pamels =~
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with clamped edges. The estimates were made in the aforementioned
menner by meking use of the known shear-—etress coefflclents for
cylinders and for long curved strips with olamped edges (references 2
and 3, respectively) and availeble results for flat panels (refor—
enges 4 and 5) end by extrapolating from the kmown results for simply
supported panels. With respect to edge displacements in the median
surface during buckling, the boundary conditions for which the curves
of figures 5 and 6 apply are zero displacement normal to each edge,
end unrestrainsd motion along each sdge. The availsble evidence
indicates that complete restreint of both normal and tangential
motion would affect the ocurves of figures 5 and 6 only slightlye.

(See discussion of boundary conditions in reference 1l.)

BExperdimental Verification

A study of references 6 to 10, which contaln test date on the
critioal shear stress for ourved sheet, revealed that in the various
investigations different types of test specimens (fig. 8) and also
different methods of defining the experimental critlical stress were _
- uged, Because of the different types of test specimens and different
methods used, a wlde range of values for the critical stresses must
be expected. In oxder to make the comparison between theory and
experiment, thersfore, the tes}t date were divided into two groups
according to whether the buckling load would be appreciably affected
by initial eccentricities (fig. 9). The theoretical curves used
were those for simply supported curved penels.

Experimental buckling stresses only slightly affected by initisl
ecoentricities.- With but three exceptions, the experimental critical
stresses of Rafel {reference 6) and of Rafael and Sandlin (reference 7)
correspond to snap buckling (fig. 9(a}). With any apprecisble initial
eoccentriolties, deflectlons tend to increase graduslly with load and
no snap buckle ocours; this fact indlcates that the initlal eccen—
tricities in the test specimens are small., The thres specimens in
which enap buckling did not occur fell in the range of 6<Z <12,
and the buckling stress was taken to correspond to the load at which
the compressive disgonal stress on one side of the sheet ceased to
increase with increasing load. The critical loads for the Moore and
Wescoat datas were obtained frem the loads corresponding to the top
of the knee of the torque-twist curves (reference 8). The torque~
twist ourves represent averages of the behavior of all the panels in
the cylinders of reference 8 and are thus relatively insensitive to
local ilmperfections., Figure 9(a) indicates that buckling stresses
defined in such & way as to be rather imsensitive to local lmper—
feotlons are in good agreement with, but slightly lower than, the
theoretical critical stresses for curved panels with wimply supported

edges. -
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Experimental buckling stresses considerably eaffected by initial
eccentricities.- In the tests by Chilarito (reference 9) the critical

stress is defined as the stress at vhich wrinkling first becomes visu~
elly perceptible in any penel of a multipanel specimen. Except for
one snap buckle, the critical stresses in the tests by Euhn and Levin
(reference 10) were defined by the point of first departure from a
straight line of the curve obtained by plotting the readings of a
disgonally mounted Tuckerman optical strain gage against the applied
load. In both of these methods inltial eccentricitles of the teset
specimens can be expectod to result in relatively low experimental
critical stresses.

A comparison between the theoretical critical stresses for curved
panels and the experimental critical stresses of Chiarito and of
Kuhn snd Levin is made in figure 9(b). As might be expscted because
of sensitivity to local imperfections, the experimentael data are,
in general, considerably below the theoretical curves. The data

of Kuhn and Levin for % = 3 at large values of Z, however, are

appreclably ebove the theoretical curves. One possible explenation

for this rather surprlising behavior is that all s@ecimens for &=

had two intermediate bulkheads which were not abtached to the sﬁeet
but may have provided additional restraint against buckling at high
curvatures by preventing inward displecement of the shest on buckling.

CONCLUDING REMARKS

The critical shear stresses given by a theoretical solution
based on small-deflection theory for simply supported curved rec-
tangular panels were found to be in good agreement with experimentel
critical stresses deflined in such a way as to be rather insensitive
to local imperfections. A method is suggested for estimating the
critical shear stresses for curved panels having length-width ratios
and types of edge support different from those for which computed
results are availlable. :

Langley Memorial Aeronautical Laboratory
National Advisory Commlttee for Aeronautics
Langley Field, Va., March 11, 1947
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APPENDIX
THEORETTCAL SOLUTION

Symbols

& axial or clrovmferential dimension of panel,
whichever 1s larger

b axlal or circumferentisl dimension of panel,
whichever 1g smaller

m, Ny Py, ¢ integers

r redive of curvature of pansl

t tlxickﬁess of pensl

u displacemsnt of points on median surface of panel

in axial (x-~) direction

v displacement of points on median surface of panel
in oircumferential (y—) direction

W displacement of points on median surface in radial
dlrection; positive outward

x axial coordinate of pansl

clrcumferential coordinate of panel

D flegxural stiffness of panel per unit
3
length —~-Et
12(1 - u®)
E Young's modvlus of elasticity
F Mry's stress fu.ﬁction for medlan-surfece stresces

produced by buckle deformetion \- %?'S; s Shear

gtress, §-——2-, compreseive stress in y-direction;

%2%, compressive stress in x—di’rec%ion)
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z curvabture parsmeter <::-—t- . /l - p.2>
8 coefficlents of terms in deflection functlons
kg critical gheer-stress coefficlent appearing in
k_%°D
formule T, = 8 :
2
b=t
' - 2 2.2y2 leﬁhphzz
My = (p= + a%F°)° + .
32f33ks i aH(p? + ¢2a2)2
__ & 0.0 . 22 12p8p472
Noq = 3 (p°R2 + q=)< + L S
3287k, aH(p2p2 + q2)
a
22
B 3
0 Poisson's ratio
Tor criticel shear stress
2 2
ox Sy
H = o dh Sk

o F P a2 T ot

v} = inverso of V* defined by V'h(_vl"w) =y

Method of Solublon

Equation of equilibrium.- The criticel shear stress which causes
a curved rectangulsr penel to buckle mey be obtained by solving the
following equation of equilibriwm (reference 1). S

b Bt MW, or £ % o
DVW+r2v axh+2Tcr ox dy 0 ' (1)

where X &and y eare, respectively, the axial end circumferential
coordinates. Divieion of equation (1) by D glves

Vw+—-—-bhv axu+ E,-02---1—&{%_::: (2)
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The egnetion of equllibrium may be re;ﬁrosented. by .
Qw = 0 | (3)
where Q 1s the oporetor dofined by

ot 4 2222 -h Rt o ’
ket L )

Solution for pensls hav exial Jength groater than circumfor-
ential length.- Equation (3} may bo solved by tho Gelerkin method as

outlined in references 1 and 11. As suggested in roference 1 for
simply supported curved rectangular panels, the following series
expension is used for w!

co [o2] —
we Y S oy stn B 1o B (5)

The coordinate system wsod is shown in figure 10(a). The coefficients
&yn &re then choson to satisfy the equaticns

a nb
f/ sin BEE gin 99 gy dx 4y = 0 (6)
040 & b )

where -
P=l’2, . o e a.rld.q.ﬁl,a, s s e

Whon the operations indicated in equation (6) ere porformed, a set
of homogeneous linoar elgobraic eguations in the unknown ccefficlents
is obtained with kg appearing as & peremeter. The solution

for the critlcal-shear-stress coofficient kg 1s thon found as the
minimm value of kg for which the algobraic equations have a
nonvanishing solution for the urknowns g

h!

The boundery conditlons abt each edge that are implied by this
mothod of solution arc gero radial defloctlon and edgo momont, no
displacement elong tho odge, and free displacoment normal to tho
edge (seo referenco 12)} that is,



NACA TN No. 1348 9

w(0,5) = w(a,y) =0 w(x,0) = w(x,b) =0 B
2
£ (0,9) = g}; (a,5) = 0 -gy%-g (x,0) = ?—;—g (x,b) = 0
¥(0,7) = v(e,3) = 0 u(x,0) = ulz,b) = 0 > (1)

% (0,7) = %;g— (e,y) =0 -gég (x,0) = —g-i% (x,b) = 0

o’

Substitutlon of the valuss of Q and w given by eguations (%)
end (5), rcepectively, into equetion (6) leads to the following set
of algobralc equations:

-~

apg |(1P + aP82)° 4+ R EE
T (o2 + a2pR)2)
3':)@31{5 N \L mnoa
T n=l n=1 (ma - 2) (nz - q_2)
where p=1,2, « . .3 q=121,2, . . .; and the sumnation Includes

only thoee velves of m and n forwhich m%*T p and nt g are
odd. The condition for a nonvanishing solution of these eguations
is the vanishing of the deberminant of the coefficionts of the

unknowns &g, This infinite determinant cen be factored into the

product of two infinite subdcterminants, one in which p t g 1is
even, end one in which p ¥ q is odd. The vanishing of these
subdetorminants leads to the following determlinantal equations.
The equation in which p % g is even is
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=1,

r=l1,

=3,

=1,

=3,

q_-‘:

a=3

g=1
g=5
g=k

a=3

%3 %2
I3
0 -
9
Mys _k
35
!
E Mo
"
5
.20
O 63
8
8 o
:
36
0 25
o .28
135
L
5 ©°
y
.0 =
T

a
31

%33 %17 %26 %35. ..
L
0 —
2. 35 0
4 .
°©o o g o
3.6-.2_8.. 0 -}'i'. .
25 135 T
o _36
175
£0
o o £ o ..
.12 .56 8 .
35 99 3
_108
M3z 2 O
M 28
o Y7 .28 o
7 13
~108 28 Ma5 .36,
125 13 11
36 M
0 o] ok 35

MNACA TN No. 1348

=0 (9)
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end the equation in which p ¥ g is odd is
81 %) %3 B30 Bg %5 B3, B8 %27

p=1,
=2,
=1,
p=2,
=3,
=L,
b==,
=3,
p=1,

=2,

q=2
g=1
g=
q=3
g=

=6

q=l

q=8

where.

812
Mo

o

o Ul

S
Mo —%
-5 M
0 _%
% 0
-.3% 0
g% 0
fé% 0
%
o= ﬁa
" 3283k,

i 20 28
5 0 0 63 0 0 135
Yy ok 8 .16
° 5 33 % ZHmAm °©
_8 ] 56

7 0 0 o7 0 0
Moy _36 _k 2 16 o

335 5 % 3 5
36 M iy .28
5 ¥ 0 "5 0 0 "5
L .20 o =28
5 ©° Y16 o ° 13
o -4 _20 Mo 28 .8 o

T 11 3 117
12 L8 M _56
33 0 0 =3 3 0 "%
_16 & g 112
22 o0 o -8 o M e
28 28 o 56_L2 My

> 13 55 "5

11

/10)
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These determinants give the buckl loads of curved panels with
verious length~width rasios (B 2 1) for buckle patterns respectively
eympetrical end emtlsyrmetricsl about the center of the panel.

. By uge of a finite determlnent including the rows and columns
corresponding to the most important terms In the expansion for w
(equation (5)), equations (9) and (10) were solved by a matrix
iteration method (reference 13) for the lowest velus of kg which
setlsfied those equabions. The lower of the two velues of kg
found by solving equations (9) and (10) i1s the critical-shoar-stress
cosfficient for the perticular values of f and Z under consider-
atlon. The curve of critical-shear-strese coefficlient against Z
for a given value of B canputed in thls menner shows cusps; however,
ag the preclse location of all the cusps involves a prohibitive amount

,of labor without any significant increase in acguracy, the cusps were
faired out in figwrse 2. Table 1 jroesents the relative magnitudes of
the cosfflclents of the terms used in the solutions, and tablo 2
glves tho computed stress coefficients.

Solution for pesuels havine circumferential lengbh areater than
axial length.- When the cilrcumferentisl dimenpion 1s greater than the

axial dimension, & and b can be interchanged in oguation (5) in
order to retain b as the shorter dimension, as follows:

w=§:_: amisin%siﬁ%x o (ll).

The coordinate system used is shown in figure 10(b). This problcm
is solved In a marner similer to that used in solving the problem
Involving exisl dimension grester then circumferential dimension.
The set of algebralc equations for the unlmown Fourler coofficlents
is now

—

ooo . ove . 12pBplig?
W T e -
3 - , (12)
327y (F 7 mnpg
+ = 0
2 1%1%;1 T R (R - )

where m* p and n t q must bo odd for 8y, to have a value. The
condition for a nonvanighing solutlion of thoso equetions is the
venlshing of the determinant of the coefflclents of tho unknowne &y,
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This determinant can be factorsd inko two infinlte subdeterminants
which ere identical to those in equations (9) and (10) except for
the dlagonel terms. In this case, each diagonal teorm Mpq is
replaced by

(p 132 ) L 3tz
323k, n“,(pesa + qa)ij

N'_oq_‘:

The condltions for the venishing of these determinants were
found in the same memmer as that vsed in solving equations (9)
and (10) for buckling loads of penels with verious length-width
ratios for buckle pabtterns symmetrical or antisymme'brical ebout the
center of the panel. The lower of the two values of is the
critical~-sghear-stress coefficient for the particular vaiues of B
and 2 under consideration. The relabive megnltudes of the coef-
Ticients of the terms used end the computed stress coefflcients are
presented in tebles 1 and 2, respectively. Figure 1 shows the
critical-sheer=-giress coefficients for simply supported curved
‘panels having the circimferentiel length greater than the axial
longth; the curves were faired in a manmer similar to that for the
curves of figure 2. .
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TARIE 1
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NACA TN No., 1348

TABLE 2.~ THEORETICAL CRITICAL~-SHEAR-STRESS COEFFICIERTS

k——a—eiT.
(&

8 kg
& g
b Even determinant 044 determinant
1 0 9.3 | @ mmmeme-
1 9.1y 11.59
10 11.65 12.77
30 18.57 17.59
100 34.65 33.55
1000 157.4 164.5
1.5 (o} T.07 T.97
1 7.12 8.03
10 8.55 9.75
30 14.30 15.38
100 30.5k 27.15
1000 136.6 129.7
2 1 6.62 6.65
10 1-65 8.43
30 12.48 14.29
100 26.96 26.19
1000 117.3 118.9
I~
T
a
kB
-% A  Even determinent 0dd determinant
1.5 1 T.37 7.99
10 10.38 " 9.49
30 15.23 15.51
100 32.2% 30.73
2 1 6.68 6.61
10 8.98 8.95
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Tigure 1,- Critical-shear-stress coefficients for simply supported
curved panels having circumferential length greater than axial

length,
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Fig-lﬁ'e 2.- Critical-shear-stress coefficients for simply supportéd
curved panels having axial length greater than circumferential
length.
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Fig. 8 ] NACA TN No. 1348
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Figure 3.- Curved rectangular panel. Limiting cases for a complete
cylinder and an infinitely long strip also shown.



|o5E

| g2 / A/ ey J/
oL£Flot oone // [ Pt pone / e

i — = ;,r L P ’{—Gﬁm /
[ —Cyinder i [
,'/GL‘"J siip corsponding to Pe2 0l Lo e v corespondig 1 £33 B
1 10 02 103 0% | 10 10° 0% lod
T e
2+ BV

"Figure 4.~ Critical-shear-stress coefficients for simply supported-
curved panels compared with those for cylinders and long curved
strips (ky and Z are defined in terms of axjal length of panel),
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Figure b.- Critical-shear-stress coefficients fox simply supported
curved panels compared with those for cylinders and infinitely
long curved strips (kS and Z are defined in terms of eircum-
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NACA TN No, 1348 Fig. 6
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Figure 6.- Estimated theoretical critical-shear-stress coefficients for

curved panels with clamped edges and having circumferential length
greater than axial length,




Fig. 7 ' NACA TN No. 1848
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Figure 7.- Estimated theoretical critical-shear~stress coefficients for
curved panels with clamped edges and having axial length greater
than circumferential length.




NACA TN No. 1348 Fig. 8
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Figure 8.- Transverse sectional views of specimens used to determine
critical shear stress of curved panels in various investigations,
Different length-width ratios of panels were obtained by varying
bulkhead or ring spacing and in some cases by spacing of

longitudinal stiffeners.



Fig, 9a NACA TN No. 1348
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Figure 9.- Comparison of theoretical critical-shear=-stress coefficients

of simply supported curved panels with test results of other
investigations.



NACA TN No. 1348 ~ Fig. 9b
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Figure 9.- Concluded.
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(a) Panel long in axial direction.

Figure 10.- Coordinate systems used in theoretical solution,
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